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INTRODUCT I ON

Variable and somewhat unpredictable service records of lowa crushed
limestones used as base courses for flexible pavements indicated a need
for study of factors affecting the shear strength and deformational
behavior of these materials.

Crushed limestones may be considered within the general class of
granulai materials. Granular materials are particle assemblies which
are devoid of interparticle cohesion, and where the individual particles
are independent of each other except for frictional interaction and geo-
metric constraints incidental to the packing of the assemblies.

The purpose of this investigation was to evaluate the effect of the
frictional interéction between the particles and the effect of the geo-
metric constraints among these particles on the shear strength of granu-
lar materials. The first step was to develop a theory to allow a separate
consideration of the two mechanisms. The second step was to test the
theory against available published data on granular materials; and the third
step was to study the shear strength and deformational behavior of the l!owa

crushed limestones in the light of the proposed theory.



REVIEW OF LITERATURE

Man has recognized the existence of friction for a long time. The
first known written remarks on the nature of the laws that govern the
phenomenon were by Leonardo da Vinci (1452-1519). Leonardo da Vinci
proposed that friction was directly proportional to the normal force
between sliding surfaces and that it was independent of the contact area
between the surfaces, as reported by Mac Curdy (1938).

These laws were rediscovered by Amontons (1699). However, Amontons
Laws did not gain acceptance until they were confirmed and again proposed
by Coulomb (1781). Coulomb was the first to distinguish between static
and kinetic friction, and he established the independence of the coefficient
65 friction from the velocity of sliding.

Terzaghi (1925) proposed that the frictional force developed between
two unlubricated surfaces was the result of molecular bonds formed at
the contacts between the surfaces. Terzaghi made two assumptions; namely,
that the real contact area is directly prOpértional to the normal load
and that the shear strength at the contacts is independent of the normal
load. Thus, Terzaghi theory of friction is expressed by the following
two equations:

F=A'S!

L =S'"/p
where F is the frictional resistance, A' is the real contact area for
inelastic behavior, S' is the shear strength per unit area of the mole-

cular bond, u is the coefficient of friction and p, the pressure per unit

of real contact area.



The laws of friction have been further clarified in recent years by
the work of Bowden, Tabor and his co-workers as reported in Bowden and
Tabor (1950). They found that the recal contact area between two bodies
presscd together was much smaller than the apparent area of contact and
that, in fact, adhesion takes place between adjacent surfaces at contacts
between asperities. Under any level of the applied loads, these asperities
yield plastically, so that the normal stress at a real contact is a
constant equal to the yield stress of the material. Thus, the real
contact area becomes directly proportional to the applied load, confirm-
ing Terzaghi's assumption number one. The tangential force reguired to
shear the junctions at the real contacts is then proportional to the area

of real contact. Thus,

1 _

Al = N/Pm

F=A'S!
F=N+«S"Pn=N-u

and 7! S'/Pm where Pm is the yield pressure at the real contact.

Therefore, according to Bowden and Tabor (loc. cit.) the coefficient
of friction depends on the nature or composition of the sliding surtaces
in contact.

The oldest and still most widely used expression for soil shear
strength is the Coulomb failure criterion,

s = c+gtan b

where ¢ is the cohesion, or the normal stress on the failure surface, and
0 the angle of internal friction.

The combination of Coulomb failure criterion with Mohr's theory of

mechanical strength, later modified by Terzaghi (1923) in terms of the



cffective principal stresses, is given by:

0]' = 03‘ tanZ(QS + 0/2) + 2c tan(k5 + 6/2)

' are the major and minor effective principal stresses

where g]' and o5
respectively. In soil mechanics ''effective'’ stress designates total stress
less pore pressure, for example, ¢! =g - U.

The value of @ or tan @ as determined by the Mohr-Coulomb theory is
dependent on mode of packing of the assembly, experimental technique,
stress history, angularity of grains, initial void ratio, and the level
of the applied confining pressures. Therefore, even if tan Q is 2 function
of thé coefficient of solid friction between the particles, the determina-
tion of the latter is not possible from the former, and tan Q is merely
a parameter dependent on the conditions of the assembly during the
experiment.

Mohr-Coulomb theory is strictly applicable to a body which shear
without changing 'its volume. Reynolds (1885) showed that dense sands
expand at Tailure, a phenomenon which he named dilatancy, whereas lcose
sands contract during shear to failure. Reynolds' experiments demonstrated
that particle movements during deformation are not necessarily in the
direction of the applied shear stresses, and indicated an effect of the
geometric constraints on the shear strength of granular materials.

Taylor (1948) was the first to attempt the separation of the strength
component due to friction from that due to expansion, using data from shear
box tests on sands. Skempton and Bish0p1(1950) also attempted this sep-
aration. The procedure in each case was to calculate the work done in

expanding the sample by an amount §v per unit area against a vertical

(&)

pressure ;n’ and equate this work to an equivalent shear component )



acting horizontally through a distance §A, equal to the relative dis~
placement of the two halves of the box. The difference between the

maximum applied shear ¢ and Tp Was expressed in terms of a residual angle

0,

T=T
tan@ = D _ tan - oy
r o, max  6A

An expression based on the same principle was later presented by

Bishop (1954), for use with the triaxial compression test, in the form:
|

2 1 9]

tan" (45 + 5 0 ) = (;3—.)

r max

'<§-;—])
where gv is the rate of unit volume change and 8€, is the rate of major
principal strain change. |

Newland and Allely (1957) considered the resultant direction of move-

ment occurring during dilatation and determined a value of ¢ which they

denoted Qf given by:

q)max - q]f 8 g,!
SV \/—(d]')max(% )
where tan 6 ='EZ in the shear test and tan 8 = 3 1 in
o H
the triaxial test. 1 + c—lr) s Y
03 max 661

The derivation of § = 0. + 0 was based on the assumption that
max f

the value of 8 is a constant throughout the surface of sliding when the
maximum shear stress has been reached, where 8 represents the angle of
inclination of the sliding surface with the direction of the shear force
in the case of the direct shear test.

The values of ¢f.and ¢r differed considerably, even though both
values were derived to measure the same physical quantity (Newland and

Allely, 1957).



Rowe (1962) discussed the behavior of ideal packings of spherical
particles subjected to a major effective principal stress c]' and equal
minor effective principal stresses 02'= 53' . He derived a stress-
dilatancy relation for these packings given by:

fo 1
~L_= tano tan(y + B)
0 L
o
3
where @ is the packing characteristic of the ideal assembly and Q“ is the

true angle of friction,

Rowe also derived an energy ratio given by

o o']'é] O']l . tan(¢u+8)
E = . = dv = tanB
2 1 i ].*.—.
o3'es a3 ( vé3
where for comparison with previously presented expressions §¥ = %g .
vE I

1
Rowe observed that ¢, the packing characteristic of the ideal assembly,

had disappeared in his energy ration equation. Thus, he proceeded to
derive the critical angle of sliding between particles in a random
assembly of particles by postulating that the ratio of energy absorbed in
internal friction to energy supplied, namely, E, was a minimum. The value

of the critical angle of sliding obtained by this procedure is equal

to 45 - %-@u which substituted in the equation of the energy ratio, E, led

to .
. a,'e g,
E = ] ] = ] - =4tan2(45 + % Qu)
20'e, o (1 +%¥)
3 Ve,
E] 1
where — = " .
263 1 + g¥

Rowe's experiments conducted on randomly packed masses of steel,



glass, or quartz particles in which the physical properties were measured
independently, showed that the minimum energy ratio criterion is closely
obeyed by highly dilatant, dense, over-consolidated and reloaded assemblies
throughout deformation to failure. Fhowever, the value of Q to satisfy
the theory increases to Qf when loose packings are considered because of
aaditional energy losses due to rearranging of loose particles. Rowe
found that ¢u < ¢f < ¢cv where @CV is the calculated value of @ when tne
sample reached the stage of zero rate of volume change. The angle @cv
was found to differ from ¢u by 5 to 7 degrees in the case of sands.

Rowe (1963) applied the stress-dilatancy theory to the stability
of earth masses behind retaining walls, in siopes and in foundations.

Gibson and Morgenstern (1563), Trollope and Parkin (1963), Roscoe
and Schofield(1964) and Scott (1964) discussed the stress-dilatancy
theory postulated by Rowe (1962) and their criticism was mainly directed
towards: (1) the assumed mechanism of deformation; (2) the assumed absence
of rolling; (3) the assumption that the energy ratio é is a minimum in a
random assembly of particies and (&) the meaning of the '« p]aneg‘ in a
random assembly of particles.

Rowe, Barden and Lee (1964) applied the stress-dilatancy relation to
the case of the triaxial extension test and the direct shear test.

The stress-dilatancy relation for use with the triaxial extension

test was found to be:

d
ot (137 2 oF
VE1 = tan (45+-r2—)

3

and for the direct shear test

¢f +G=¢)

o



tan 6 = L4 .
84

The latter éxpression is identical to that derived by Newland and
Allely (1957) for use with the direct shear test.

Rowe's theory has been substantiated by Horne (1965) who did not
restrict his analysis to an idealized packing. Horne analyzed a randomly
packed particula£e assembly, with assumptions summarized as follows:
(l)lthe particles are rotund and rigid with a constant coefficient of
solid friction and (2) deformation occurs as a relative motion between
groups of particles but rolling motion is not admitted between the groups
of particles. Horne obtained the expression for the energy ration é by
writing a virtual work equation for the input c]‘é]. Then, he minimized
this ratio to obtain the value of B = 45 - % @u which then led to

1
P — L s Ly
gy 62 + 03 63

53' and €2 = €3 this

reduces to Rowe's equation. Horne thus established the limitations of the

For the triaxial compression test with 02' =

stress-dilatancy theory and concluded that the equation of the energy
ratio E that provided a relationship between the work quantities c]‘e B

02’62 , and 03'63 does not provide a relationship between stresses or
strain rates separately., He also concluded that the relation may not

apply to a highly compact assembly with a higﬁ degree of interlocking.

* VoL . . v
The expression Q¥ is not identical to ——— , Rowe, Barden and
Ve, EV €1

Lee (1964) changed this expression to s
!



PART 1. SHEAR STRENGTH OF GRANULAR MATERIALS
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THEORETICAL INVESTIGAT [ON

Granular materials are particle assemblies which are devoid of inter-
particle cohesion, and where the individual particles are indegendent of

ach other except for frictional interaction and geometric constraints

[

incidental to the packing of the assemblies.

The coefficient of solid friction between two particles is defined as
4 = tan @S = F/N where F denotes the frictional force, N is the force
normal to the surface of sliding and @S is the angle of solid friction.
The coefficient of solid Triction is considered independent of the normal

force applied to the surfaces in contact and independent of the sliding

velocity.

Analysis of Particle Movements during Shear

A section throuch a particle assembly Is shown in Figure la. The
particies are drawn spherical fTor simplicity, but the analysis that follows
is independent of the shape of the particles provided that their surfaces
are predominantly convex.

The particle assembly is subjected to a force N, applied in the
vertical direction and a force S, applied in the horizontal direction.
Force S causes particles 1,2,3, etc., to move to the left relative to
particles 1%, 2', 3', etc. |If grain failure is excluded, then Tor
particle 1 to move relative to particle 1', it must initially slide along
the direction of the tangent at the point of contact or the two particles;
for example, in a direction making an angle 5] to the direction of the

horizontal force. Similar arguments may be made for the other particles,

2, 3, etc.
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Sliding
Consider the single surface of sliding corresponding to particies
1 and 1%, Figure 1 b ; resolving forces parallel and perpendicular o

this surface:

iy :(W] + N])cosﬁI + S, sin8, =R cos@S (1a)

[ 1 1

oF o, S cosﬁl - (W

olu ] + N})sinB] = R] sin@s (1)

]

Eliminating R] from equations 1(a) and 1(b):

S,cosB; - (W1 + N])sinB] = [(wl + N]) cosp, + S, sinﬁl]tanQS (ic)

[}
3
o,

S, - (W, + N,)tan®
can B ] ] ] ]

- ‘ (2)
's S1 tan, + (N1 + W)

where Qs is the angle of solid friction and tan Qs= L = coefficient of -
solid friction.

Equation 2 may be transformed to:

D (2a)

> i

| = (wl + N]) tan(q}s + B

Similar solutions are found for particles 2,3, etc.

it siidihg occurs in the opposite direction, equation <2& becomes:
$; = (w1 + Nl) tan(8 - (ps) (2b)
Rolling

Consider particle 1 rolling over particle 1! along the plane making

an angle 5] with the horizontal plane.

Figures 1 b and 1 ¢ show the directions of translation and rotation

of particle 1 and the free-body diagram.
Then,
) W]
: _— U4 = - : 1 - H 2.\
iy ¢ 5 Uy = S, cosB, (N] + Wl) sind, RISInQ (3a)



Figure 1. Planar representation of a particle assembly and a frec-body
diagram for one particle.



o

(a)

Direction of slip

6!

¢



> L VTR ‘3. - * 71

ZF iy . vV, = =S, sin3, (N] + w]) cosB, R, cos() (3b)
W] 2 . L

M, : 5_ N 8 = Ry r sing (3¢)

where r is the radius of particle 1, ii is the radius of gyration of the
particle 1 with respfct to Its geometric axis and @ is a corresponding
friction angle given by Q < ¢s' That is, the acting Trictional force

is less than the frictional force required for sliding to take place.

The condition that there is no sliding requires that the relative
velocity o7 the point of contact at any instant is zero. That is, point
B is the instantaneous center of rotation. From this it follows that
the angular velocity of rotation of the particie is 9 = &A/r, from which,
by differentiation, = GA/r. Substituting this in equation 3c :

W u
al EZA ;A =R, r sin Q (34d)

Eliminating the friction force R]sinQ between equations 3d and

3a :
]
" 2 9 _ " P
uy = iy v ESIC055] (Nl W]) sing ] (3e)
1+—§' H
r
i2
Then, A
r2 ]
R;sing = ~ (S, cosB, = (N, + W;)sinB.]
1+
2
.2
and let ‘A
r? =C
i2
1+ A
2
¢

~~

W)
~h

'

and R]sinQ = C[S,cosB; - (N] + W])Siﬁal ]
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From equation 3 b , the value of R] is equal to

S]SIHB] + (N] + wl) cosB]

cos @s

(39)

Substituting the value of R] in equation 3f

(S tand, + (N, + W )Jtan =cC[S, - (N, + W )tan® ;] (3h)
which on rearrangement gives:
i
S, tan{ + CtanB < tanf + tanB

= = = (31)
N+ W, c tanB]tan¢ 1 - % tanB]tanQ

and let % tan@ = tan@r, then equation 3i s transformed to give:
e T tan(§_+ B,) (3J)
If rolling occurs in the opposite direction, then equation 3j is

given by:

N W, T tan(®, - §) (3k)

If rotation occurs in a counter-clockwise direction, then equations

3j and 3k are given, respectively, by:

S
1
TRET = tan(B] '.Qr]) (34)
S
1 .
Ny + W, B tan(er * B1) (3m)
:
1 r2
where tan er = g tan @ and €} = ———5— .
) 1 , iA
A
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Sliding versus rolling
S

N] + w]

The ratio is either a function of B and QS when sliding is

dbout to occur or a function of 5 and Qr when rolling is about to occur,
whare Qr is either equal to Qr or to er'

Consider a particle assembly containing P particies in a state ot
equilibrium under a vertical force N and a horizontal force S. An
increment of the horizontal force S is applied producing motions within
the assembly until equilibrium is reached. These motions will consist of
relative motions between groups of particles, for example, these groups of
particles will siide over each other for very small distances until sliding
ceases. Then,relative motion between any two individual particles depends
entirely on the relative motion between two adjacent groups containing
the particles. This relative motion will consist of a combination of
sliding and rolling, as a result of which the total volume of voids will
either increase or decrease.

One may classify the contacts between particles or groups of particies
as sliding contacts or non-sliding con&acts. The process by which a
particle assembly passes from one state of equilibrium to another consists
of the disappearance of the initial groups of sliding contacts and the
formation of new groups of potential sliding contacts. That is, the
proportion of sliding and non-sliding contacts is modified when the parti-
cle assembly reaches a new state of equilibrium. The modification of the
ratio of total number of sliding contacts to total number of non-siiding
contacts results in either a decrease or an increase in the total volume

of voids of the particle assembly.
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Requirements for Sliding at Group Contacts
Sliding at group contacts will occur in some preferential direction
readily found from considerations of the stresses at a point referred to

a principal stress coordinate-axis system.

Let
cr]' >§2' >03'
Then, : l . |
P o - 2Ty (2% (ha)
| . L
RTINS N NP A S BE (ib)
2 o' *oy' o o' "9y
Tt o) )y ) (Lc)

It is apparent from equations La , L4b and &4c that the absolute

1 i 1 i
o) -C o) + o
. . . ] 3 . ]
maximum shearing stress 1is T = 3 and it occurs at gn'= ————E——i

Thus, the sliding contacts in the granular assembly will be oriented in
plane parallel to the G]': 33' plane.
Selecting the equality sign in equation 4b ,
i

o' *+ oy o' - o
'ri ot - ]—Z—L)2 =(—]—2—2)2 (kd)

Equation 4d is the equation of a circle which is referred to as a
Mohr circle. This circle can also be'given in parametric form introducing
the parameter 2B where B represents the angle which the given plane makes
with the major principal plane. Then

c.l+o.l Cf"o‘l
o ! = ! > 3 4 ( ] 5 3 ) cos 28 (Le)

o 1l - o H
—]—'2—3) sin 2B (4F)

o=

Sliding contacts in a preferential direction were defined as making
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a critical angle ﬁc with a given plane. Let us now evaluate this critical
angle.

Stiding will take place when
- = 1y g L
nn Gn Lanq)s (‘g)

where all terms have been previously defined.

Substituting equation &g in equation L4f ,

1

S a3
l —_ S~ L4 n
o, tan@S = 5 )sin2B,
oy - o3 2
3 . sin2B
U - :
°n T ( 2 / tand (5h)
s
and substituting equation L4h in equation Le ,
o' = 0q cioon o' t o, o,' = o,
(— tand_ 2 F (3 )cos2p (1)
s
and on rearranging
1
i I 1 (9)
55 1sinzs 2 *J
2 tanQ P

The critical value of 8 will be a maximum for sliding to take piace,
c,'
- - - - 1
as previously shown. A maximum B value will make the ratio o @
3

minimum. Thus, maximizing the denominator of the second right-hand term
of equation 4j

d 1 sin2 2.,
dp (2 taan cos'B) =0,

cos28 + sin2B tan@s =0

tan (-Qs) = cot23



dnki
3 - S0 : .
2B 90 + QS (Lk)
or @S
B =45+ 5 (&)
Substituting equation 4k in equation L4j ,
il 1 ind
Lo 12 sims  van®us + o8 (4)
63 ] - sts
Thus, for sliding to take place at group contacts, the value of
b
o
the stress ratio ST is given by equation Lm .
3

Equation &4m 1is identical with the Mohr-Coulomb criteria. Howesver,
Monhr's theory requires that an envelope be drawn tangent to the Mohr
circles representirg the maximum stress ratio, and Coulomb theory recuires
that such an envelope is required. The purpose of the previous analysis
is to determine whether a sphere in an inclined plane will roll or slide.

Equation 4m gives the condition for sliding rather than rolling to

0 .
's

N —

take place on a given plane at an angle B = 45 +

Mechanical Work

When a body is deformed by a system of external forces in eguilibrium,
the mechanical work done by them is equal to the work consumed by the
internal stresses.

In the analysis of the mechanical work done by the external forces
and the work consumed by the internal stresses jn a particle assembly,
two assumptions are made:

1. The directions of principal stresses and principal strains
coincide with each other at any and at every instant during deformation.

2. Energy absorbed in particle deformation is neglected. That is,
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any elastic and/or plastic deformation of the particle is neglected as &
result of which the particle is assumed to behave as a rigid body.

The state of stress is given througn the effective principal stresscs
denoted by U]l, 52', 53', and their directions and the change in the state
of strain is defined by the principail strains 661, 662, 663 , whose direc-
tions coincide instantaneously with the principal directions of stress.
Compressive stresses and strains are considered negative.

[T the mechanical work is denoted by W per unit volume of material,
the increment &W of the work done at a given instant by the principal
stresses is equal to:

2 !

oW = o,'6e, + g,'6¢, - c3'tes (5)

)

In confined compression testing of granular materials, it is common
to subject the sample to an all-around pressure and apply loads in the
directions of the principal stresses. A common procedure is to let the

minor principal stress, & remain equal to the initial all-around

i
3 2
pressure.

Therefore, the principal stresses may be expressed b
B p p

O-]I '_“0.31 + (O-'ll _GBI)J (58)
o' =03l @, - 63') (5b)
0'3' =G3l (SC)

Thus, the granular material will reach equilibrium under an &ll-

around pressure, @3' , &nd then, the sample is subjected to the stresses .
| S | S 1
(G ] () 3 ) and (62 63 ) .

Then the increment of work swe applied to the system is given by:
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W = (Ul - o ')6C] + (62' - 03’)6C2 (5d)
The increment of internal work absorbed by the system is equal to:
W, =g 'ee, * 0,'0€, - g5'0€, (5e)
Granular materials are known to change in volume during & shear
process. Therefore, let v be the change in voiume per unit volume, con-
sidered negative when the sample volume is decreased, and §v be an incre-

ment of the change in volume per unit volume. The increment of change

in volume per unit volume is equal to:

-8V = - 8 - b€, + 8€ (57)
Then, 6€3 = =§v + 661 + 6€2 and the increment of internal work is
given by:
W, = (GI' - 63')661 + (GZl - 63')562 + 63'6V (59)

The applied stresses produce both a change in volume and sliding
due to friction within the granuiar assembly. Thus, the increment of
internal work absorbed by the granular assembly may be separated into
two components which will be referred to as frictional, 5Wif and dilatancy,
5\~IID.

Then,

BMi = Wi + oWi (6)

D

and

. RS _ _ _ 1 . f fa
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Consider a granular assembly composed of frictionless particles. If
a system of stresses is applied to this assembly, the increment of intern-

al work absorbed by the assembly is equal to:

A = T P pR B 1Y e g o
iy = (og' - o3')seyy + (o, °3 Joe,y + a3'bvy (6b)

where 6610, 6620, 5630 are the increments of principal strains absorbed
by the assembly as a result of which a volume change is registered

within the assembly.
Similerly,
- . _ ! 1 _ 1 = + o 1 . -
Wi = o, oq )6c]f (GZ a5 )O€2f + 63 &ve (6c)
Substitutions of equation 6b and 6a in the left~-hand side of
equation ba give
- . N N | . I -
(U]l 031)0\—].{; ’ (02 53 )6C2f+03
~ b - 1 ~ 1N = R 1 U P lav. (6
+(32 63 )6c2D + 0‘3 OVD (J] 0‘3 )661 + (uz 03 )O 2 5'3 oV (Od)

The following relations are obtained from eguation 6d

661 = 6€]f + GE]D,

o
m
N
Il

05 T 8€5p>

]

o

E3D,

and 8¢

¢
w
1]
o
m
w
-
]
o
m
o
o

Sliding within a granular assembly may be considered ana:ic,ous to

the sliding between a block and a plane surface which are perfectly smooth,
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as a result of which the term Ve is equal to zero. Then,

\ — [ 1 ~ o [ 2~ z
swif = (G] O3 )éc]f ; (02 03‘)0L2f (6e)
J = | 1) 2e [ 1Y ac- - ac
+ (g, o3 )oe,o o3t oVy (6%)
— H Py
or 6Wi = (G] o )Bc]f + (02 63’)o€2f + (G] Gﬂ’)oelD
+ (o, o3 )oe,y + a3 bV (6g)

Since 6Ne = 5Wi,
| B 1 -+ | B 1 - = | - )z L V&g
| S H ~ - . ~ + I
+ (O'] 0'3 )6\-'“) + (02 031)6C2D 03 oV
{ 1

— (I 1Ya~ .
and W, = (o, o3 Joe,: + (o,

1

- ~ae = - 1 V5e
crs)oc?_]c (GI 0q )oc]

o+ 1 1 c - - i ~ - | R H €
(02 o3 )8 5 (GI 03.)6CID (02 a3 )8 2D

_0'3 8Veo (Oh)
Let '
o1f = 63' + (o' 03') = (o' 63')D; (72)
Gz% = 03' + (62'- 63’) - (62" G3I)D’ (7b)
03% = 63' - GéD (7¢)
and
Wig = (cff - 63})6€] + (02¥ - 655)662 . (74d)

Substituting equations 7a , 7b , 7¢c in the right-hand side of equation

7d ,
Wi, = (GI‘ - 03')6€] - 03]‘ - 63')D 8e | + 052‘ - 03’)662

- (CTZx - 0'3’) 652 + GBD (661 + 652) (7“)
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and using equation 6h ,

"(O']I - 63')0561 = (0.21 = 0'3l)D5€2 + 0'3'0(661 + 662)
= -(GI' - 0'3‘)6€]D"(62l -~ 0'3l)6€2D - 0'3‘6\/ . (7f)
Therefore,

61 - o) = (o) - 0y) 2 (79)

1 37D 1 3 5e] ’
0 - 03) = (o)) - ont) 22 (7h)

2 37D 2 3 662 ?
i R T A A :
opp =" %3 b€, + 8¢, (7)

Substitufing the values obtained in equations 7g , 7h , and 7i

in the corresponding equations 7a , 7b , and 7c ,

o ) - ) 10
1o = o o+ fo) | B o 1 - ol [ o [ —
1f 3 i 3 ] 37 8e
, , 5€1p .
= G] = (0‘] - 0'3 ) 5€] (7J)
i i 6€ZD
Gz f: = 03 + (62 = 0'3 ) - (52 - 03 )662
be
oo T 1 2D
-~ 1 ' v 1 5V
03% =o3' * o3 5e *oe, = o3 (1 + be +oe, ) ~(71)

Equations 7j , 7k , and 71 provide the values of the principal

stresses corresponding to friction.

Application to Plane Strain, Triaxial Compression
and Triaxial Extension Tests

Consider a granular assembly subjected to plane strain conditions.

The evaluation of cff’ céf and cﬁf is performed in a similar manner as
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described in the previous section.
The following conditions apply during a plane strain test:

1

- 1 o
oy >0, >0y
and €y = 0
Therefore, 6c, = 0 = 0€z 6€2D

and -

(e}

S2f T 7 °%pp
Then, equation 7f s transformed to

- {~ T 2 I = c = - - AC -
(u] 63 )DSK..] + GBIDék.} = (o’]' 0‘3)0ch (02

~ o
- G,'8V (6)

3
To solve eguation 8 , it is required that a further assumption be

made. Let 8¢,y = be That is, the state of strain during & pure

30 °
dilation is symmetrical with respect to the intermediate and the minor

principel strain.

Then, one may proceed as Tollows:

iD =3D
gv 8
1D
§< = Q€ =
20 3D 5
, dV=8< 45
boo et + ol 8¢ - - [ e [
(o' = 03')psey + agpde, (0, = a3")seyy - (o' - o3')
_5316\/’
and
]
- T ; . ~ - v A " 1 ~

(01! = a3')pbey +ogp8ey = -loy' - 3(0," - o3 Vsey,



Then, .
. .0 1 1 ]/ | 1 6\:]D o
(0] - 03 )D = [GT ACE + 03 )] 661 (¢b)

] o
iy = de ) & e
e o RS DO Ll

o)l g= 0y - oy =500, oy )]ae] (3¢)
o'=d‘*i(3'+6“)§—v‘ (8e)
3fF =93 T 2W2 3 's¢ €

The corresponding equations 8d and 8e for triaxial compression
and triexial extension tests are readily derived from these equations.

Triaxial compression test:

PR N e (&%)
ogf=oy' (12 | (8¢)
and in the case of triexial extension test;
oyt =g+ (o)t - 53'>§2D (8n)
oy =0t (1-3) (81)

Equations 8d through 8i will be used to determine the angle of

sliding Triction for this three types of test.

Determination of the Angle of Solid Friction

The condition for sliding to take place between group contacts is:

G- f 1+ sind
1 f _ S (93)

1 - sinG
i's
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and

sin = ——2 (9b)
S T

where- the subscript 'f' stands for friction.

—
T
i

ne values of gf_. and G;f are given by equations 8d through &i

I
It
Once a test is selected to evaiuate the angle of solid friction of a
particle assembly, the corresponding equation from &8d through 8i s

selected and substituted in equation 9b .

Thus, for plane strain test,

1 %1p &v
r i - LA SV NP ' - — ! Y22
sing - 1703 Tl o e 7 ey oy (9<)
'S ~ F) 9C
(0 [ o 1) - [G x__l_(o. fa 1) .(_}:z_D_.i_i(O. l+g l) ﬂ
1 3 1 2%2 " ¥3 6€] 2%2 73 661
Tor triaxial compression test
8€ ;. .
(G]l -G x) - (G‘]l -G ();:ID - G—_,l E'_Y
sin@s = 3 3 7oey A (s4)
& - 3 -
((‘3‘ + g l) - (CS‘ -G 1)OC]D + g 1 v
] 3 ] 3 “8e, 3 8¢y
and triaxial extension test,
8<. R
3D
. (S._]l - 6'3') - (G}l - 631)R~ - G]x _2_\:/
$inQg = = — (9e)
€, =
3D AV
Lo 'y 4 [N DA (RIS
(o, os ) + (o a5 )653 o, o2,

Equations Sc , 9d , and 9e are rearranged to obtain respectively:

o 9" o' o, se
’ R S L At R D &
EET -l-3 (1 + 53')661= ﬁ33n' 2(1 ; 03‘)](] sanS)EG]
1 - 1
+ til—+ T+ % (1+22)5v ]sin@s s (57)
GBl G‘3‘6€-i



% SV o1 . OF
E;T - (1 + ggl) = (E;T - 10 - sm(bs)6 +-[ + (1 +-—— )]snn¢ (9g)
and
G]r ] 9 ‘ 1 + sinfg G][
O.3t - - 8V = (53' - ])(—'——5—\/—"—') [0' 0 +]__6_V. ]SIDQ
. 663 1 - 663 563
Let
Q = Sl: - 6€1D .
p = [0' T - (] + = )-} ] Slnq) ) ) (91)
3 3 €
°3 €1
. c] ]+s:n¢ 6630
R = oy 1)( v ) be, (9K)
de
3
and
T, 8¢e
- Y 1 . 3D
C%E = QTE (1 oe, ) = (63, N+ snn@s) 5o (91)

where the subscripts

28

I

'p', 'TC' and 'TE' stand respectively for plane

strain, triaxial compression and triaxial extension test.

99 , and Sh are now expressed by:

Equations 9f ,
c,' 6, !
AN VO
3 3 1
o. H
L &) -
0‘3 5€]
and
{
°r 1 _
o, _bv T
3 1 sc

o, Iy’ 5 .
= 2 r— i (14 =57) 52 Jsinds,  (om)
3 3 !
a 9, 8Y ya:
- [E;T + (1+ ggl)]sanQS, (9n)
94 1 .
QTE + [03‘ - v ]5|n¢s. (9p)

863

(9h)
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. I . . .
fhere are two unknowns, QS and Q0 , in ecach of the equations Sun, Sn
and 9p . The determination of these two unknowns is possible by plotting
the experimental data in the Tform as given by each of the respective

equations. For example, in the case of the triaxial compression test,
N !
G-
1 §v :

a plot of — -~ (1+ %7 ) versus — + (1 +

3 0%y 93 i

of 0 and _. i7 such a plot corresponds to a straight line of the Torm:

O
<

l

) aliowed the determination

o
0

. . g,
! 1+ &Y = + T— + £Y ap
- - (1 4 e1) = Q. !_03, = (1 G, 1 tem (9g)

T T
i '

where tan ¢ = sind_, and Q c = Q ¢» over a wide range of the deformati

process of the sample. The value of QTp is not in general a constent
v

throughout the deformation process, but it may reach a value Q_C vhich
!

is constant over a given deformation range. |If QTC reaches & constant

value QTC over a given range of the deformation process, it is then
possible to determine the value of sin@s and calculate the vaiue of

corresponding to any given instant during the process of deformation of

Interprezation of the Parameter {2

Regrouping termas in equation 97

I 2 i % avo 2, 1.

6‘3' = tan (LLS + qu) + —2'(]-.- 0_3' )‘6‘?]Lcn {45 + 7 q]s)
. ! 6" de
“ ] 9o 1D .

S S €l by N o (102)
03 L.)B t.-,
or
~ =
3y sv 2 1 % S<1p .

(1)
M
—

on



2 av 2, °“1p ,
s 5 FSG tan” (45 + 5 Qs) Be ] (105)
2 3 i 1
Recalling that,
AN AT Sy 3¢,
n_ =7 - =1 (1 =~ sin0 ) - = = (i- sind )
; L 1 L ¢ f v -
P 03 2 6c] 2 3 S
then, let
g s G,' b€
1 ] 1D 172 D
Qop = =7 - 31 2 S e ; (16c)
] G’)l 5610 g,! s¢e
< : < g -1 ] 1D :
Qoey =5 7 52 sindg - [— - 7] sin (10d
PID T2 o' B, ’s LGBr 2 5o, ° 9 {10d)
wnere the subscript D and fD staend tTor dilatancy and friction due to

dilatancy, respectively, and ecuation (10z) is now expressed by:

(107)

1 U (b

“ 1 2 1 1 “2 AV 2 s

— .= ta = 0 = — tan" (45 + =) + ¢ e

o tan (45 + > QS> + “ + G—,l) 661 tan (45 + 7 ) QPD, (10 )
3 >

or

o 2 i 1oL %2 2 ;

— =t LS+ 29 ) + =1 + ) &Y a5+ = 6 +0

G.t can (-5 2 QS) ; 2(1 + o 1) 551 tan (5 2 \ils) + QP “*PTD°
3 3

The corresponding equations in the case of triaxial compression test

are given by:

% 2 1, sV 2, . 1 ]
—_— LL - L G m ] — -+ -
o) | S tan ('5 2 @S) B éé] tan (L"b + 2 ¢S) QTCD} (IO&)
and
61( — = 2(145 ..._]. ; ) L oV 2(1_*_5;_]. 9 ) + Q..+ (i0nR)
o s e B E g 9 sy o "2 %) T e T e ‘
>



where
4 o~
o d¢,
] . iD
Q = [— - .
“rep T gL 13, (101)
3 1
and
o]‘ §e
O = [ -1 sinG . 0j)
rCfD o, ! L AE. Ys (10])
3 x
The corresponding equations in the case of the triaxiel extension
test are given by:
T, ! 1
] 2 1 .
= ] - ~ tan L{.’- 4+ = 0 3 1,
.' &V } QT:Dj an” (45 2 Ys/2 (10k)
3 1 - 5e
<
3
and
I3 i
i 1 . - 2 ]
= ~ | + G - G __.tan : fo— . /1 ¥
G.' av C Crg ~ Sggzepdte (5 + 2 Hl)s)’ (102)
3 T - I
3
where
g, €y
= (—— - 1 2 A
QTED = <C' ) ‘) 5c ) (Ium;
3 3
and . N
C 4 oEBD )
Qreon = ( . ]) sin Q (]On)
TtTD G 8., S
3 3
The different form of equetion {04 with respect to equations 107
and 10g 1is due to the use of §e, rather than 8€, Tor tne derivation of
3
the corresponding equations; the reason being that the minor natural
principal strain, €,, correspond to the axial strain measured, in &
5
triaxial extension test.
Figure 2 is a model idealization of the terms encountered in eguation
10g.



Figure 2. Physical modcl for cach of the terms of equation 10g:

(a) solid friction; (b) solid friction + frictional work cue to dile-
tancy

(c) dilatancy without friction.



o)

b tan (45 +

1
s @

Ra
e}

(L)

—
19}
~

wo

wo

(U\_

/\
/'\
7-/3\ X
t




3h
Triction is u = taan, sliding against cach otner along a planc inclincd
po i . ) , ,
L5+ 9. degrees with respect to the horizontal plane. Thne value of the
o
ar! . .
ratio 21 _ is then given by:
0.’
>
-1
o
1 2, ] \
— »'-—yn l ,_i_-__
o { = ( 5 2 OS)
3
which was obtained from
d]? b QS
< = tan [0 + (L5 - ==
) 10, + (45 - 52 )]
o.'b tan (45 + == )
> 2

Consider that each block Is mounted on a set of cylindrical rollers
possessing the same frictional characteristic of the two blocks as shown

in Figure 2b . Relative movements of the two blocks occur along the
!

Do Ao ' N P -~ 1 . 1 - v
contacts between the rollers and the value of ‘- is then given Dy:

Q

—~ 1 B
Y 2 Qs 2, 1
= aQ l% - { :r' o
tan” (&5 5 ) + oz, ten (&5 5 0 )

Consider, instead of two rigid biocks, an assembly of frictionless
I

1

3

relative movements between the particles et a given instant is given by:

Q

T

to produce

rticles as shown in Figure Z2c. he reguired ratio

o

3

Q

W

rticies possessing a coefficient of solid friction u = tenQg. The

pa
G {

recuired ratio 1 to produce relative movements between the particles
P
<

where no siiding occurs between particles or groups of particies at &

given instent is given by:



Similar analogies can be drawn in the case of equations 10e and

Thus, the paramters Q

al interference produces a rearrangement of the particles which is commonly

{
o1

]
93

known as interlocking.

ot Creso

The effect of this three dimensional

PD’

interference among the particles at a given instant.

G%CD and C&ED represent the three~dimensional

35

This three-dimension-

interference

is not only to increase or decrease the rate of formation of sliding

contacts, but also to increase or decrease the rate of volume change

within thg assembly.

The following quantities may be readily determined with a known

value of Q at any stage of the deformation process;

(a) Plane strain test

Wiy

sWi

T —

Il

H
] ) 8§V
+ =(1+—=) =
30+ 50 &
03‘6€]
5WID
03'8€]
d]'
Py
93
6Wif
63‘661
o]'

(11a)

(11b)

(11c)

(11d)

10f.



36

(b) Triaxial compression test

5\"{lD SV
TR T St gE (11e)
3 i
SWi - g,! 8Wi
v i 1 D
= ( - 1) - (11F)
e A= - 1 R~
93 0% 3 93 0%
6WiD
eWiy ] 053¢, (17g)
01'661 - G]l
E—T
3
ST
AT G. '8¢
{ 3 Y]
i g~ = [ (]”’1)
Gi Sc] a4
O. I
3

and (¢} Triexial extension test

ALIT 1

e¥lp R Y (111)
e, S T 7 se

3773 3

5w1f o]' aWID (115)
g-'3¢€ - (G T - g.,'3e

3773 3 3773

wnere 3Wi. and 3Wi. are respectiveiy the increments in internal work
i

0
absorbed by the sample at a given instent in dilating or in fTriction:
6b!iD 5»!if
the guantities T and : are, respectively, the ratio of the
0'3 06.‘ 03 1

€
increment In internal work absorbed in dilatency or in friction to the
product of the effective minor principal stress times the increment in

ant during the detormation process;

ct

natural exial strain at a given ins
: i

are, respectively, the ratio o7 tne




"1

increment in internal work absorbed in dilat
increment in the work done on the sample by o
auli D AW -
quantities —_ and — . GO not represent a
04 0% o 6\-
3 1 3 1

Facio

and they are selected as convenient
winen 651 is ar

maintained.

ancy or

)]

<

in friction to the

' at a given instant. The

articular energy ratio,

tor comparison of woik components

applied and a constant effective minor principal stress is
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TESTING OF THE THEORY -

Equations 9m, 9n, and 9p were tested against published data obtained
by dependable research workers in the performance of plane strain, triaxial
compression and extension tests on cohesionless soils.

There are two unknowns, sin¢ and Q, in each of the equations 9m,
9n, and 9p. Plots of the experimental published data according to equations
9m, 9n, and 9p showed a straight 1ine'form over a wide deformation range,
and thus allowed the determination of sin({Js and Q.

The values of the effective major, intermediate and minor principal
stresses, the change in volume in percent of either the initial or the
actual sample volume, and the axial strain in percent of either the initial
or the actual height of the sample, were obtained from the published test
data.

Although identical notation was used, the value of %gl was based on
either the ''engineering'' volumetric and axial strains or the ''natural"
volumetric and axial strains. Whereas the '"engineering'' volumetric and
axial strains were given in percent of the initial volume and height of
the sample, respectively, the ''natural'’ volumetric and axial strains were
given in percent of the actual volume and height, respectively, of the

'sample at that instant. The correct value of %g] for use in equations
Sm, 9n., and 9p is the ratio of the increments in ''matural’’ strains.
However, the differences between the two ratios are small unless the
deformation exceeds about five percent of the axial strain. The value

of the engineering axial strain in percentage is smaller than the

corresponding value of the natural axial strain in percentage for large



axial deformation. The di

but it mey have a slight effect on the values of the parameter () correspond-
1

oy
ing to tne curve after the maximum vealue of — is achieved within the
3
sample.
Cornforth (1S5L&) performed pizre strain tests on a river sand fTrom

the effective mejor, inter-

[4}]
>
oo
-l
i
(0]
<
¢
ey
[a)
n
(e}

Srasted, Kent, in £ngle

mediate and minor principal stress, the 'Yengineering' volumetric and axial

strains in percent, and the initial porosity were obteined from Figure i0
o i %' sv
(Cornforth, 1964 ). The values of — - 1 - 5 (1 + = =) vere
o) 2 o,' €
L 3 G 1 3
-t . . | P AV . .
plotied against the values of — + 1 + - (I + —) ~— in Figure 3.
5—.:'" 2‘ 6} 6&.]
3 3
- 1
i . 3 . O , .
All the points corresponding to lower veiues of . than the maximum
G
1 3
ol -i - - N - . - PR} - - -t .
value of — plot on a straight line (soilid line, Figure 3) vhich thus
S5 |
aliowed the determination of sin QS and QP. The values of sin ﬁs and O

are 0.408 and 0.800, respectively. Thus the value of the solid friction

angie of the Brested sand is 24 1°, Figure 3 also shows a dashed line
G,' .

which corresponds to values of — obtained after the maximum value oF

5._{! ’ 93

E:T was resched.

Sarden and Khayatt (1966) per

which they denoted as River Well and sand. The values of — - .
G SV
1 E) 3 ]—T_:
C} 1 CCS
were plotted eagainst the values of o + N in Figure L.
'3 T-"=
CCq
. >
The relationship given by equation Sp is & straight line as shown in

al
c
3

e L4 and the calculated vaiues o7 sin OS and Q%: are, respectively
! C

0.513 znd 0.260. The vealue of the angle of solid friction for this senc



Figure 3. Testing of equation Smn.
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Brasted sand -

Plane strain test

n=39.4:9

oa! = L0 psi

sin G, = 0.408

Vith data by Cornforih (1854)




Figure 4, Testing of equation 9p.
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Value of

L]

M3

River Welland Sand
Triaxial extension test
ny = hl.2 9

op'= ko psi

sin ¢S = 0.413

(1950)

With data by Barden & Khayatt

2 3 h
o
Value of =y 4 s
5

3 1 -

(Sp]
o



Lk

The values of —— - (I + *= ) werc plotted ageinst the vaiuecs of
- \l“
g.! v
—— + (1 + —), obtained from published triaxial compression test date,
o CL]
in Figurcs 5 to i3. The relationship expressed by eguation Sn is alco
a streight line 7or all the data presented.

o.

A summary of the published data shown in Figures 3 to 13 is cresented

T friccion and

o,

the

3
—
)]
o

e |, together with the values o ngle of sol

[$)

(o]
—y
rt
oy
(0]
O
0]
-
_(_1_)
0
+
o]
-
O]
W]
w
O
)]
—_
O
c
o
[¢)]
o+
v

ad from the corresponding equations Sa, 9n

[4}]
3
o.
"N
0
.

=
i

~h
ct
o
m

It 1s apparent Trom Teble | that the angle of solid friction o

- . " 51, =0 . -
sends varies between 24 to 2L4.5° and these values are independent of the

ievel of the confining pressure within the tested range. Deviations are
ecknowiedged in Tedle 1 Tor the older published dete, which mey be consic-

ered iess reliable since many refinemants have been intrcduced in testing

technigues.

(@)
—
~

The mzin mineral component of these sands is quartz. Horn (IS

using & special technigue measured the coefiicient o tion oetween Two

-
O

O
—
wn
o
0]
Q.

highly b surfaces of opure quartz. Hoirn's measured values fTor quertz

under submerged conditions varied between 0.42 and 0.51, w

o
2]
o
0
(o]
-1
-
)
Y
U
@]
o3
@]

ngies of solid friction between 22.8 and 27.0 degrees. The purpose

cr

[e]
)
3

o
o.

eguetions. |n fact, Horn's resuits in Teldspar correspond to a s

1,

. o . . - . - e
riction engle of 377, which differs from the value of 32.7 a&ppeering

-+

able !. The independent evaluation of the coeificient of friction



Vith Fig ranuler  Type initial Confining Values from
data naterial of porosity pressure ectations
by test % psi Sa, 9n, Sp.
degree
Cornforth 3 sand nlane 39.4 Ly 24,1 0.80¢C
[T CALN 4o pmo T
(i50%) strain
Sarden & L sand triexial L1.2 Lo 2L L 0.260
Khevatt extension
AN
(1556)
Sarcen & 5 sand triaxial 36.8 Lo 2, 0,331
Khevett comoression
(1555)
Barden & 5 sand Triaxial 40.3 L9 2L.6 0.280
Khayatt ccmpression
(153%)
Tayior 7 sand triexial 37.7 30 22.3 0.588
{(1653) compression
Lambe 8 sand triexicel 31.1 30 22.5 0.785
(1661) cemoression
Bishop & 9 sand triexial 21k Lo 2L, 7 0.395
Green (i535) compression
Bishc: & 10 sand triexial Li.5 Lo 2L, 1 0.L35
Creen (1S55) compression
Perman 11 silt triaxial 36.0 100 26.5  (.GC3
{1953)
Lee 12 feldspar triaxial 35.0 30 32.7 0.390
(1953) compression
~ . - . 7 Jin -
13 Teldspar triaxial 34.9 60 32.7 0.435

compression




Figure 5. Testing of equation 9n.
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River Welland Sand

Triaxial compression tost

ny = 39.8 %

o= HO psi

sin ¢, = 0.113

With data by Barden & Khayatt (1966)
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Figurc 6, Testing of cquation Sn.



Value o

River Welland Sand
Triexial compreassion test
ny == [rlO.B

3 E 1‘0 5 i

oc' 10 psi

sin @s = 0,416

With data by Barden & Khayatt (1950)

B Sccond loading

0> -
Value of —— -~ (r -+ =
()3

GH



Figure 7. Testing of edqualion 9n.
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Fort Pcck River Sand
Triaxial compression test
ny = 37.7%

o3 = 30 psi

sin ¢S = 0,380

Vith data by Taylor (1918)
Test FpPl-2-6

o
Valuce of *"L; (1 8\1 )

i

s



Figure 8. Testing of equation Sn.
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Union Falls Sand
Trioexial compression test
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Figure 9. Testing of cquation Sn.
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Figure 10, Testing of cquation 9n.
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Figurc 11. Testing of cquation 9n.



—
>l o
Ol «d

Brazchend sili

Triexial compression test
ﬂi = 36.0 /c

oc' = 100 psi -
sin QJS - 0,452

With date by Penman (1953)

ue of ~ =4 (14 &Y
Value of 03, b1 o )



Figure 12, Testing of equation 9n.



r—
>l w
2N )

o

o

Valuce ot ==y
o

!
3

Feldspar

Triaoxial compression test
nj = 35.0 %

oc' = 30 psi

sin ¢g = 0.540

With datae by Lee (1556)

O



Figurc 13. Testing of cquction Si.
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of minerals is a helpful guide to what values may be expected but since
soils vary widely in mineralogical composition, particularly of grain
surfaces, their coefficient of friction may be expected to deviate from
the value of the main mineral component.

The values of the parameter (3 for plane strain are considerably higher
" than for triaxial compression and extension tests; this is a direct result
of a larger amount of interlocking or three-dimensional interference
among the particles due to the imposed strain conditions, namely no strain-
is being allowed in the direction of the intermediate prinéipai stress.

The parameter () is a function of the initial porosity, the level of
the confining pressure and the gradation. However, the calculated values
of O from two tests, Figures 9 and 10, with data from Bishop and Green (1965)
appearing in Table | are different in spite of both samples being at the
same initial porosity and confining pressure. These samples were, however,
tested with different boundary conditions. The sample with the higher value
of the parameter (Q was tested with '"fixed" ends whereas the other sample
was tested with '"frictionless'' ends. The term ''fixed' ends indicates that
friction was developed between base and cap and the ends of the sample,
whereas "frictionless' ends indicate a reduction of that friction to a
minimum. The effect of '"fixed' ends is to increase the value of the para-

meter Q during the pre~peak deformation range where ''peak'’ denotes the
i

c
1 . . .
maximum value of the ratio E_T . This increase is explained by reduced rate
3 o,
of volume change and by an increased slope of the 517 versus axial strain

3

curve, as a result of which the peak value is reached at smaller strains
in the sample tested with '"fixed'' ends (Bishop and Green, 1965 ).

IIFixed'! ends also modified the post-peak behavior: The rate of decrease
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Figurec 1. Veluo of the functions F, F' and D vorsus axial strain,
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ference. The values of D plotted against the axial strain represent
these changes plus the work absorbed in dilatancy, and in effect show
changes in the rates of the total internal work corrected for the work
done by the sample against the applied stresses.

An interesting feature of Figure 14 is the amount of strain required
to achieve the maximum values of F and D within the sample. The maximum
value of the function D occurs at this peak value, and after the peak
it dropped rapidiy. This indicates that the sample showed maximum inter-
ference between particles at the peak. Also to bring about the highest
possible number of sliding contacts within the sample, this maximum inter-
ference is broken up, as shown by/the increase in F. ATter the maximum
value of F has been achieved F decreases at a faster rate then D, indicating
that the structure of the sample is now in a looser state.

Similar features are shown in Figure 15 with data by Lambe (1951).
However, there is less difference in the amount of strain required for F
and D to develop their respective maximum. This may be explained by the
effect of end restraint on the deformatjonal behavior of the sample. That
is, end restraint apparently decreases thé "free' dilatant volume, and
changes the stress distribution within this ''"free volume vhere the term

Ifree!! volume refers to that part of the sample unaffected by end restraint.
Mip - BMe o swi
i 2 { I
08y Ty b oy 08

Figure 16 is a plot of the values ofc versus

the axial strain for a plane strain test with data by Cornforth (1964). The

gWi
. D
important feature of this graph is the loop made by the functions o Tae
1 ]
Wi’
and T5e The start of the loop, as seen in Figure 16, is at the peak
a
1 1

Wi

value. Then there is a rapid increase in the values of with a

oy'6€



Figure 16, Ratio of components of the rate of internal vork to the rate of
input work versus axial strain.
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Figure 17. Ratio of components of the rate of internal work to the rate
of input work versus axial strain.
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Wi
corresponding decrease of the values of 6_733 . The cause of this loop
1771
is the same as explained with reference to Figure 14: namely, a breakdown
of particle interference is required to allow an increase in the number of
sliding contacts and, consequently, in the rate of internal work absorbed
in friction.

Similar features are shown in Figure 17 with data by Lambe (1951).

Figure 17 allows one to follow the closing of the loop as the function

Wi

5 Tse starts to decrease in rate with respect to axial strain. One may
1 1

hypothesize that the closing related to the appearance of a slip surface
although the formation of such slip surface presumably may start when
Wi

1
c] 6€]

either the function F or the function has reached a maximum value.

Since both occur after the peak, one may concur with Bishop and Green
(1965) in concluding that the inhibition or lack of inhibition of prefer-
ential slip zones is a factor of no significance in determining the peak

strength of granular materials.
5WiD

Figure 18 represents the relationship between the function 5 Toe
3771

and porosity on the Brasted sand with data by Cornforth (1964) and by

Bishop and Eldin (1953). The effect of type of shear test, porosity, and

Wi
level of confining pressure on the values of . '62 may be studied in
3771
this figure.
5WiD
It is obvious that increase in porosity decrease the values Ofc ae
3 %51

this may be expected from the standpoint that loose soils contract during

shear to failure. The plane strain test performed with a minor principal
Wi

1
53 661

stress of 40 psi showed higher values of in the whole range of
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Figure 18. Values of ——— at the peak ! in relation to porosities.
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porosities than the triaxial compression test at same effective minor
principal stress. This has been explained on the basis of the larger
amount of particle interferences in the plane strain test due to the

imposed strain conditions. The effect of confining pressure is to decrease
sWi

T e over the whole range of porosities tested. However,
3 1

the values of

this relationship was changed when the cell pressure was increased to
Wi
D

60 psi, as shown in Figure 19. At lower porosities the values of ——
05 8¢

with the cell pressure of 60 psi are correspondingly higher than for a cell
pressure of 40 psi, and the trend is reversed at higher porosities. The
reason for the changing relationship is ;hat increases in mean principal
stresses increase the values of the parameter (), as previously stated, and
decrease the rate of volume change. However, this increased amount of
interlocking in the samples at 60 psi does not bring a corresponding increase
in the rate of internal work absorbed in friction, as shown in Figure 21.
Figure 20 indicates that larger confining pressures increase the amount of
internal work absorbed in friction by the sample, but as the cell pressure
is increased the rate of internal work absorbed in friction is decreased.
This can be explained if increases in the values of the mean principal
stresses, or octahedral stress, above a certain value may be inducing
grain failure at contacts when the samples are at low porosities. This
should increase interlocking, as shown below with reference to Figure 22.

The relationship given by Equation 9n is presented in Figure 22 for
a sand tested at a confining pressure of 4,000 psi, from data by Bishop

(1966). The relationship is a straight line and the calculated values of

angle of solid friction and the parameter Q are 19.3O and 1.057, respective-



Figure 20. Ratio of components of internal work to the rate of input work
: versus porosity,
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Figure 21. Ratio of components of the internal work to the rate of input
work versus porosity.
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ly. The values of the angle of solid friction and Q for the same sand
tested at a confining pressure or 40 psi with data by Bishop and Green
(1965) and presented in Figure 9 are 24.1° and 0.395, respectively. Thus
an extremely high confining pressure produced a decrease in the angle of
solid friction and an increase in the value of . Bishop (1966) showed
that grain failure occurred within the sample at this high confining pres-
sure, and showed that the gradation of the medium to fine sand was changed
to a gradation corresponding to a silty sand. The calculated values of the
angle of solid friction and of the parameter (Q at the high confining
pressure do not represent true values, because the development of the
theory assumes no grain failure at the contacts. That is, the rate of work
internally absorbed by the sample in fracturing individual grains must
be.added to the calculated rates of internal work absorbed in friction

and dilatancy. However, the extrapolation of the theory beyond its limit-
ations serves the purpose of explaining the mechanism of the changing
relationship from increases in cell pressure within a given range.

It may now be shown that if the mean effective principal stress (or
effective octahedral stress) is kept constant, the value of Q must decrease.
This is shown in Figure 23, which represents the relationship given by
Equation 9n for a triaxial compression test on feldspar where the effective
octahedral stress was kept constant and equal to 30 psi, data are by Lee
(1966). The calculated value of Q is 0.0k, which may be compared with a
value of Q0 of 0.390 for a test on the same material at a constant cell
pressure equal to 30 psi also with data by Lee (1966).

The first two point values corresponding to very small deformations

are not shown in Figure 23, and felt below the solid line in Figure 23.



Figure 22, Testing of equation 9n.
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Figure 23, Testing of equation 9n.
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The calculated values of the parameter Q for these points gave high negative
values, indicating that during the initial stages of deformation the prefer-

ential mechanism of distortion is not by sliding but rather by compression,

which would explain the negative values of Q.
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SUMMARY

A theory was developed to allow the separate determination of effects
of the interparticle friction and of geometric constraints among the
particles on the shearing resistance and deformational behavior of
granular materials.

According to the theory the effect of interparticle friction may be
measured b? the angle of solid friction. The calculated angle of solid
friction was found to be independent of the type of shear test, stress
history, porosity, and the level of the confining pressure in the
ranges commonly used in soil shear testing. The angle of solid friction
depends only on the nature of the particle surfaces.

The effect of the geometric constraints is measured by the parameter Q,
which Q was found to depend on the gradation of the granular material,
initial porosity, type of shear test and the level of the confining
pressure.

The parameter () allowed the calculation of components of the rate of
internal work absorbed by the sample. The calculation of these compo-
nents and their changes throughout deformation allowed the qualitative
examination of the deformational behavior of granular materials and

justified the postulated mechanism of deformation.
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PART 1. SHEAR STRENGTH OF CRUSHED LIMESTONES
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MATERIALS

Three crushed stones were selected as representative of lowa State
Highway Commission-approved crushed stone for rolled-stone bases. One is
a weathered, moderately hard limestone of the Pennsylvanian system, obtained
from near Bedford, in Taylor County, lowa, and hereafter referred to as the
Bedford sample. The second is a hard, concrete quality limestone of the
Mississipian system, obtained from near Gilmore City, Humboldt County, lowa,
and hereafter referred to as the Gilmore sample; and the third is a hard
dolomite of the Devonian system, obtained near Garner, Hancock County, lowa,
and hereafter referred to as &he Garner sample

X-ray diffraction analysis (Hendy, 1965) of powdered representative
samples showed calcite as the predominant mineral in the three stones, but
there was a considerable difference in calcite-dolomite ratio, ranging
from 25 in the Bedford stone #o0 1.16 in fhe Garner. X-ray tests on HCl-in-
soluble residues showed no montmori llonite in any of the samples, a small
amount of vermiculite or chlorite in the Garner, a predominance of illite
in the Bedford and Garner samples, plus kaolinite and quartz. Kaolinite
in the Bedford stone was pooriy crystalline and quartz was almost non-
existent in the Gilmore sample. The percent of insoluble residues were
10.9, 6.70 and 1.66 in the Bedford, Garner and Gilmore, respectively.
Cation exchange capacities and pH's of the whole samples were closely
comparable.

Engineering properties of the three crushed stones are shown in Table
2. The Bedford sample contains more gravel, less sand and more clay size

particles, and has a measurabfe plasticity. The optimum moisture content



for compaction is higher and the compacted density is lower than for the

Garner and Gilmore samples.

Table 2. Representative engineering properties of crushed stone materials

Bedford Garner Gilmore

Textural Composition, %

Gravel (2.00 mm) 73.2 61.6 66.08

Sand (2.00-0.074 mm) 12.9 26.0 23.3

Silt (0.074-0.005 mm) 8.4 10.2 5.9

Clay (0.005 mm) 5.5 2.2 L,o

Colloids (0.001 mm) 1.7 1.4 0.9
Atterberg Limits, %

Liquid limit 20.0 Non~ Non~

Plastic limit 18.0 Plastic Plastic

Plasticity index 2.0
Standard AASHO-ASTM Density:

Optimum moisture content,

% dry soil weight 10.8 7.6 5.3

Dry Density, pcf. 128.0 140.5 130.8
Modified AASHO-ASTM Density:

Optimum moisture content,

% dry soil weight 8.0 5.4 5.7

Dry density, pcf. 133.5 147.6 140.8
Specific.Gravity of Minus

2.73 2.83 2.76

No. 10 sieve fraction
Textural Classification

AASHO Classification

Gravelly Sandy Loam

A-1-b A-1-a A-1-a
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METHODS OF INVESTIGATION

For the laboratory measurement of shear strength under controlled
conditions of drainage and deformation, the engineer is largely dependent
on the triaxial test of the cylindrical compression test. The test may,
however, be performed in various ways.

The type of test selected for this investigation was the isotropically
consolidated~undrained triaxial test or CiU-Test., The term isotropically
consolidated is a misnomer but is widely used in the soil mechanics litera-
ture. lIsotropically consolidated means that the soil is consolidated under

an equal all-around pressure.

‘Triaxial Specimen Preparation

Previous studies have indicated that granular materials are more
suitably compacted using vibratory metheds. This method was chosen for
the compaction of the triaxial specimens ( &4 inch by 8 inch cylinders )
to the standard Proctor density as determined by AASHO/ASTM procedures,

A syntron, Model V-60, e]ectrbmagnetic vibrator table with a constant
frequency of 3600 vibrations per minute was used. The amplitude could be
varied with a rheostat graduated 7rom 0 to 100,

Hoover (1965) found that this size triaxial specimen could be com-
pacted to Standard Proctor density with little or no particle degradation

and segregation by using the following combination of factors:

1. Rheostat dial setting of 90, for an amplitude of 0.368
inch.,

2. Period of vibration of two minutes.

3. Surcharge weight of 35 pounds.



No moisture-density relationship was determined for the vibratory
compaction, the moisture content being obtained from standard Proctor
compaction. The dry density of the crushed stones was the controlling
factor in the preparation of the triaxial specimens. However, vibratory
compaction of the Garner limestone yielded a dry density higher than
standard Proctor.

éreparation of the triaxial shear specimens began by air-drying
sufficient crushed stones for a 4' x 8" specimen. Distilled water was
added to obtain the optimum moisture content. All mixing was accomplished
by hand to prevent degradation and segregation of the material. The
mix was added to the mold in three equal layers, each layer being rodded
25 times with a 5/8 inch diameter tapered-point steel rod. The surcharge
weight of 35 pounds was placed on top of the specimen and compaction was
achieved in accordance with the previously mentioﬁed specifications.

After removal Trom the vibrator table, each 5pe¢imen was extruded Trom

the mold by hydraulic jacking. The specimen was wrapped in a double layer

4
[%

[]

of Saran Wrap and aluminum foil, weighed, and placed in a curing room,

O . .y . L. .
near 75 F and 100 percent relative humidity until testing time.

Triaxial Apparatus
The triaxial apparatus used in this investigation was designed in the
Engineering Research Institute Soil Research Laboratory and built by the
Engineering Research Institute shop. The unit consists of two bays capable

of testing two specimens simultaneously under different lateral pressures

and drainage conditions.
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Rate of strain can be varied between 0.0001 and near 0.1 inch per
minute. The set rate is constant within 1/2 of 1 per cent under all loads,
as produced through a combination of a Dynamatic Adjust Speed Motor con-
trolled by a Dynamatic Silicon Controlled Rectifier, Turner Two-speed
Transmission, and Link Belt Worm Gear Speed Reducer. A maximum axial
load of 11,000 pounds can be transferred to the specimen through a cal-~
ibrated proving ring. The vertical deflection of the specimen is measured
with a dial gage extensometer.

Lateral pressures can be applied to a specimen within a plexiglass
cell by an air over liquid system or by air pressure only. This pressure
can be varied between 0 and 100 psi and is held within + 0.3 psi throughout
a test by means of a diaphragm regulator.

Pore water pressures are measured at the base of the specimen through
a 4 inch~diameter porous stone by a Karol-Warner Model 53~PP pore pressure
device which operates on the null-balance principle, measuring both positive
(0 to 100 psi) and negative pore pressures (0 to -15 psi).

Specimen volume changes can be obtained when water is used in the cell.
This is determined by maintaining a constant water level within the cell
and measuring the amount of water that flows from or into a graduated tube

that is under pressure equal to the applied cell pressure.

Isotropically Consolidated - Undrained Triaxial Test
Every specimen obtained from the curing room was weighed , and measured,
and placed in the triaxial cell. Each specimen was sealed in a rubber mem-
brane of uniform 0.025 inch thickness, and had a saturated 1/2 inch thick

corrundum porous stone on the top and bottom. The cell was filled with



water to a fixed height, and all-around pressure was applied and drainage
permitted through the base of the specimen during the consolidation phase.
Volume change measurements were made at time intervals of 2, 4, 9, 16, 25

36 and 49 minutes. A time of 49 minutes was found adequate for consolidation
of all specimens.,

After consolidation was complete, the specimen was sheared with the
drainage valve closed and the pore pressure device incorporated into the
system. The axial load was applied at a constant axial strain rate of 0.01
inch per minute. Volume change, pore pressure, and axial load (from proving
ring deflection) were recorded at 0.010 in. intervals up to 0.250 in.
vertical déf]ection, and then every 0.025 in. up to 1 in. or more of
vertical deflection depending on the deformation characteristics of the
specimen. The specimen was removed at the end of the test, weighed, and
three portions from the top, middle and bottom were taken for moisture
content determinations.

Composited specimens of each stone were tested at lateral pressures
of 10, 20, 30, L0, 50 and 80 psi.

1

rom tne

~1

Selected specimens also were tested with slight variations
above procedure. Bedford limestone specimens were tested under a '‘repeated"
loading condition whereby the specimen was first loaded up to 0.075 inch
of total axial deflection and then unloaded. After a waiting period to
allow for equilibratioh, the specimen was loaded again to an additional
0.075 inch of axial deflection and unloaded. After equilibrium was again
reached, the specimen was loaded as previously indicated.

Some specimens of the Gilmore limestone were loaded under ""repeated'

loading, but with a different procedure. The specimen was axially loaded
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up to the maximum effective principal stress ratio and then unloaded. After
equilibrium was achicved, the specimen was loaded as previously indicated.
Calculation and reduction of the triaxial test data were accomplished
by using an 1BM 360 Computer program and a 1627 L-Comp plotter through the
lowa State University Computer Center. These provided a print-out of ail
relations and a plot of the effective stress ratio, volume change and pore

pressure versus per cent strain. These data was then used for the analyses.

Test Errors

Non-uniformity of stress and deformation are by far the most important
sources of error since if deformation is localized, the usual overall
measurements are misleading. This can also lead to errors in the calcu-
lated value of the deviator stress, as indicated in the following paragraph.
Non~-uniformity may be introduced initially in the preparation of the sample,
but its main cause is friction at the end plattens, which will modify the
values of volume change and the slope of the stress-strain curve. Never-
theless the maximum values of the stress ratio should agree regardless of
testing with friction or frictionless ends (Bishop and Green, 1965).
Friction at the end plattens will produce two elastic cones at the ends of
the sample, with the result that the middle zone will bulge more than tne
end zones and the deformed sample will take on a barrel shape.

Frrors in the calculated values of deviator stress are mainly caused
by piston friction and also by the wrong area correction, which is reiated
to the above-cited non-uniformity of deformation. The errors involved

become unacceptable for axial strains larger than ten percent of the ini-

tial height of the sample.
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Axial strain is usually calleulated from the axial displacements of
the piston measured relative to rthe initial position of the piston. Errors
in the measured axial strain aree thus caused by friction in the piston
and bedding erros related to thee initial positioning of the piston.

The method used for calculsating the volumetric strain is by measuring
the volume of water entering or " Ieaving the cell. The main sources of error
are non-uniform deformation, evaglration, leakage and membrane penetration.
Evaporation and lezkage are minoor errors and can be totally eliminated in
tests of short duration. Erroresdue to membrane penetration are related
to the shape and size of the panrticlie and to non-uniform deformation.

A1l these errors can and sHhould be minimizad by modification in the
design of the cell and measuringg instrumentation. However, most of the
above-mentioned errors were preesent in some amount in the testing program,

and must be kept in mind in evail@ting the data.



DISCUSSION OF TEST RESULTS

Equation 9n was applied to selected results from the numerous triaxial
tests performed on crushed limestones. The selection was based on variables
which may have an influence on the bechavior of the crushed limestones, such
as Initial void ratio, level of confining pressure, stress history, and
change in the gradation of the sample. These test results are shown in
Figures 24 to 30.

Linear relations were found over a wide deformation range regardless
of the variables being investigated. Two Teatures common to all of Figures
2L to 30 are first the existence of more than one linear relation, and
second, deviation from a linear relation during the initial stages of de-
formation (less than one percent of the axial strain).

The existence of more than one linear relation was previously explained
to be due to the use of "'fixed' ends, wHIch introduce non-uniformity of
strains within the sample.

Reasons for deviations from & linear relation during the initial stages
of deformation will be advanced when references are made to Figures 32 to 36.

Solid friction and dilatancy Table 3 is summary of selected test

results. The calculated value of the solid friction angle of the limestones

o * s H Fa- 4. H 3 ! M :
was 3L.27 regardless of initial void ratio, stress history, gradation and
packing, and level of confining pressure.

With reference to Table 3, there is not obvious correlation between
void ratio and the values of Q; or if there is a relation, it must be
confounded by the influence of gradation and the co-functional varieble,
type of

h

pacxking.
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Table 3. Summary of selected tests on crushed limestones

L imestone Fngre Initial Confining 0 Q
: vo!d pressure degrees
ratio psi
Garner 2L 0.209 80 34,19 1.45
Bedford 25 0.302 80 34k 1.13
Bedford 26 0.266 80 3h. 4 1.04
Garner 27 0.197 30 34,1 2.18
Bedford 28 0.300 30 3h.4 1.35
Bedford 29 0.265 30 34,2 1.00
Gilmore 30 0.254 80 34,2 1.15

An influence of gradation on the values of () can be seen by comparing
the values of ) obtained from the crushed limestones with those obtained
from the river sands (such a comparison may be made since (, or rather QD,
is independent from the coefficient of solid friction between particles).
The values of Q are higher for the limestones than for the river sand (Table
1) at corresponding levels of confining pressures. The difference is larger
at lower (30 psi) than at higher confining pressures, since the values of
for the limestones decreased as confining pressure increased.

The 1arger values of () obtained from limestones compared to river sands
may relate to the larger range in particle sizes, which could tend to in-
crease the amount of particle rearrangement by rolling. That is, small
particles in the crushéd limestones may act as rollers between other indiv=

idual particles or groups of particles. This effect would be reduced by



Figure 24, Application of equation 9n to tests on crushed limestones.,
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Figure 25. Application of equation 9n to tests on crushed limestones.
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Figure 26, Application of ecquation 9n to tests on crushed limestones.
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Figure 27. Application of equation 9n to tests on crushed limestones.
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Figure 28. Application of equation 9n to tests on crushed limestones.
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Figure 29, Application of equation 9n to tests on crushed limestones.



6!
5l
~~
>U)’— L*‘.._
W0 O
+
Z
[}
..'_..m
blbo
Ye
(o]
O]
>3
]
=
ol .
0

Bedford Limestone
Retained on No, 200 sieve

ec = 0,265
o.' =30 psi
st ¢, = 0.563
— I WU NI NUNEUUSTUNN ST A SR N
1 2 3 b 5 7 8
o 1
Valuc of ng + (1 + §¥ )

3 €

fll



Figure 30. Application of equation 9n to tests on crushed limestones.
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increasing the confining pressure, due te an increase in the rumber of
"fixed' contacts within the assembly. That is indicated by comparing the
values of Q given in Table 3 for Figures 28 and 29. From Figure 28, q =
1.35 for the whole Bedford sample tested at a confining pressure of 30 psi;
from Figure 29, Q = 1.00 for a Bedford sample tested at the same confining
pressure, but with the particles passing a U.S. No. 200 sieve previously
removed by dry sieving. This latter sample had a lower initial void ratio
than did the former sample.

The stress history did not affect the values of Q or the linear rela-
tion, as shown in Figure 30. The effect of stresslhistory was studied by
unloading the sample after the maximum value of §§T was reached and subse-
quently loading the sample to this maximum value.

Deformation stages Figures 31 to 35 show the ratio of the rate of

internal work absorbed either in friction or in dilatancy to the rate of
gross work input (represented by the product 51'551 ), as related to percent

of axial strain. A feature common to all of the Figures 31 to 35 is the
8Wi

_

O"] 661

during the initial stages of deformation, with this cycle being repeated

increase of the frictional work ratio , followed by 'sudden decreases

to a lesser extent as the deformation increased. This is accompanied by

Wi
inverse trends in the dilational work ratio ETTEE-. .
1
Wi . e .
The initial increase in the values of 8 't suggests an initial sliding
o,'8€
] 1
between individual particles or groups of particles. Thus, deformation
1
o3
begins the moment that the ratio 517 exceeds unity. This deformation
3
will consist of relative motions due to rolling and sliding among the par-
Wi sWi
ticles, as reflected on increases of both and ——— . Since instan-

i
0‘1‘66] G‘] 6€-l
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Figure 31, Relation between ; and ; and percent axial strain.
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taneous relative motions among all the particles within the assembly are not
possible; there are four possible dissimilar actions between individual
particles or groups of particles; namely, sliding, rolling, rotation, or
breaking of the contact.

Certain number of contacts within the assembly are fixed, thereby
forming instantaneous rigid groups of particles. Sliding therefore occurs
only at the boundary surface of such groups, and all the contacts on the
boundary surface must slide. Allowing a given group of particles to slide
for a short distance before sliding ceases implies that the restraints
produced by other groubs must be such as to allow the motion to occur,

i.e. the restraining contacts temporarily become rolling contacts, sliding
contacts, or disappear (that is, break). Formation of new groups of con-
tacts causes the slide of the original group to be completely arrested, and

favors the formation of increased number of sliding contacts as reflected

5w1f 6WiD 5Wif
in increases of both ——— and —;——. The continuous increase of N

during the initial stages of deformation implies that slides are restricted
to very small groups of particles.

Eventually the number of sliding contacts is increased, larger groups
of particles slide within the assembly, producing a sudden decrease in the
5Wif - 5WiD

; with a corresponding sudden increase in the ratio —
o 661 a4 661

Still the slides between larger groups of particles must be arrested before

ratio .
they become catastrophic (that is, formation of slip surface); most likely
when a larger group of particles slides, the portion of the stresses carried

out by this group is transferred to adjacent groups, inducing particle re-
§Wi

arrangements and a sudden increase in the ratio and the correspond-

Wi
0"1'661

G']léel

ing decrease in the ratio . The arresting of the slide of a large
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group of particles is shown t> have been accomplished by subsequent in-
sWi

crease in the ratio . This partial collapse within the assembly

o,'te,
during the initial stages of deformation is the reason for the deviation
from a linear relation between the terms given in equation 9n.

The postulated mechanism of deformation is not altered by reloading
H

after the maximum value of S;T is reached, as shown in Figure 32. Increases
in density and confining prezsure did not alter the above postulated mech=-
anism, as shown in Figures 33 to 35.

The behavior durfng the initial deformation stages, for which a low
value of the ratio ;lT was applied, is probably much the same as occurs
during compaction of3a granular assembly. Further densification can only
be achieved by sliding between group contacts and subsequent particle re-
arrangement to allow the formation of new groups and different sets of
sliding contacts. The amount of energy required for further densification
increases as the relative proportion of possible sliding contacts increases.
Thus, vibrational methods of compaction are most successful in densification
of granular materials because the érocess is to break the contacts and

reduce the amount of sliding involved while promoting particle rearrangement

by rolling and rotation.

Maximum stress ratio and initial void ratio Figure 36 shows the
: 1
. o}
relation between the maximum value of —17 and the initial void ratio for the
o3

three stones at different confining pressures. However, the slope of this
linear relation decreases as the confining pressures increases, and becomes
independent of the initial void ratio at a confining pressure of 80 psi in

the case of the Bedford samples. This suggests that the influence of the
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Figure 36. Relation between (—]—,-) and initial void ratio.
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initial void ratio is confounded with the effect of the gradation and
type of packing, since a different relationship was obtained for the

Garner and Gilmore stones (Figure 36.).
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CONCLUS IONS

1. The theoretical equations developed in this dissertation allowed
the determination of the angle of solid friction between particles which
was found to depend solely on the nature of the particle surface.

2. The separation of the frictional and dilational components of the
shear strength of granular materials qualitatively corroborated the postu-
lated mechanisms of deformation.

3. The influence of variables such as void ratio, gradation, packing,
level of confining pressure, stress history, and type of shear test, on the
shear strength of granular material was reflected in the values of the
parameter Q.

L. The determination of the coefficient of solid friction allows the
establishment of a lower bound solution of the shear strength of granular
materials. An upper bound solution cannot be established due to the depen-

dence of the parameter Q on test and boundary conditions.
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